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We study proximity effect of pair correlation in the inner crust of neutron stars by means of
the Skyrme-Hartree-Fock-Bogoliubov theory formulated in the coordinate space. We describe
a system composed of a nuclear cluster immersed in neutron superfluid, which is confined in
a spherical box. Using a density-dependent effective pairing interaction which reproduces both
the pair gap of neutron matter obtained in ab initio calculations and that of finite nuclei, we
analyze how the pair condensate in neutron superfluid is affected by the presence of the nuclear
cluster. It is found that the proximity effect is characterized by the coherence length of neutron
superfluid measured from the edge position of the nuclear cluster. The calculation predicts that
the proximity effect has a strong density dependence. In the middle layers of the inner crust
with baryon density 5× 10−4 fm−3<∼ ρb<∼ 2× 10−2 fm−3, the proximity effect is well limited
in the vicinity of the nuclear cluster, i.e. in a sufficiently smaller area than the Wigner-Seitz
cell. On the contrary, the proximity effect is predicted to extend to the whole volume of the
Wigner-Seitz cell in shallow layers of the inner crust with ρb<∼ 2× 10−4 fm−3, and in deep layers
with ρb>∼ 5× 10−2 fm−3.
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1 Introduction
The inner crust of neutron stars is an exotic inhomogeneous matter consisting of a lattice
of neutron-rich nuclear clusters which is immersed in neutron superfluid [1]. One of the
central issues of the physics of the inner crust is interplay between the superfluidity and
the inhomogeneity, which influences various properties of the inner crust such as the specific
heat, the thermal conductivity, and the pinning and unpinning of vortices. These are essential
factors to understand astrophysical issues, such as the cooling and the glitch phenomenon
of the neutron stars.
Microscopic many-body approaches to these phenomena have been pursued in the frame-
work of the Hartree-Fock-Bogoliubov (HFB) theory, which has a capability to describe
microscopically the inhomogeneous pair-correlated system. It has been argued for instance
that the presence of the nuclear cluster modifies the quasiparticle excitation spectrum and
the average pair gap, leading to a sizable difference in the specific heat of the inner crust
from that of the uniform neutron superfluid [2–6]. evaluate the pinning energy of superfluid
vortices [7–9]. Recent interest also concerns with a dynamical aspect of the issues, i.e. the
interaction between the vibrational motion of the nuclear cluster and the phonon excitation
(the Anderson-Bogoliubov collective mode) of the neutron superfluid. This is one of the key
ingredients which influence the thermal conductivity of the inner crust in magnetars [10–14].
In an attempt to analyze this dynamical coupling from a microscopic viewpoint, we have
investigated the collective excitation of the inner crust matter by means of the quasipar-
ticle random phase approximation based on the HFB theory [15, 16]. We found that the
dynamical coupling between the collective motions of the nuclear cluster and of the neutron
superfluid is weak.
In the present study, we intend to reveal the interplay between the nuclear cluster and
the neutron superfluid but from a different viewpoint, i.e. the proximity effect of the pairing
correlation [17, 18]. The proximity effect is a general phenomenon which emerges around a
border region of the system of a superconducting/superfluid matter in contact with normal
matter (or matter with different pairing property). The pairing correlations in both matter
are affected mutually in the border region since the Cooper pairs penetrate the border. The
proximity effect in the inner crust matter is discussed in a few preceding works [2, 3, 27] , but
only in a qualitative manner. In the present study, we aim at characterizing the proximity
effect quantitatively in order to reveal basic features of the pair correlation arising from the
inhomogeneous structure of the inner crust matter.
As a theoretical framework to perform this study, we adopt the HFB theory using the
Skyrme functional with a implementation of a few new features. One of the key elements
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in the HFB approach is the effective pairing interaction or the effective pairing functional,
which generates the pair correlation in the system under study, and a density-dependent
contact force, called the density-dependent delta interaction (DDDI), is often adopted. Note
however that the inner crust matter consists of the neutron superfluid, whose density varies
in a wide range from zero to that of the nuclear saturation, and the nuclear clusters, which
resemble to isolated neutron-rich nuclei. In order to take into account this feature, we prepare
a new parameter set of DDDI, which is required to describe the pairing gap of neutron
superfluid obtained in ab initio calculations [28, 29] as well as the experimental pairing gap
in finite nuclei. Secondly, we quantify the range of the proximity effect by identifying the
distance where the presence of the nuclear cluster influences the pairing property in neutron
superfluid. Using this measure, we discuss in detail the dependence of the proximity effect
on the density of the neutron superfluid, and clarify how large the proximity effect is in
different layers of the inner crust.
In Section 2, we explain the adopted Skyrme-HFB model and the new parameter set
of DDDI. In the present HFB all the nucleons are described as quasiparticles confined in a
spherical box. If we adopt the box size equal to the Wigner-Seitz radius of the lattice cell, it is
the same as the Wigner-Seitz approximation often adopted in the preceding works. However,
the box truncation causes so called finite-size effect, and it make difficult to analyze the
proximity effect. In Section 3, we examine the finite-size effect, and propose a different setting
of the analysis using a large box truncation in place of the Wigner-Seitz approximation.
Section 4 is devoted to a systematic analysis of the proximity effect. In subsection 4.1 we
describe our scheme of the analysis that quantifies the range of the proximity effect, and
justify the scheme with a systematic variation of the density of neutron superfluid immersing
the nuclear cluster. In subsection 4.2, we apply the same analysis to various layers of a realistic
configuration of the inner crust of neutron stars. Section 5 is devoted to the conclusions.
2 Model
2.1 Skyrme-Hartree-Fock-Bogolibov method in a spherical box
We adopt the Skyrme-Hartree-Fock-Bogoliubov method to describe the inner crust mat-
ter. Since the method is an extension of that is used in Refs. [15, 16], we describe it briefly
with emphasis on new aspects which are introduced in the present study.
We solve the HFB equation in a spherical box using the radial coordinate space and the
partial wave expansion. The zero temperature is assumed and the spherical symmetry of
solutions is imposed. Electrons are neglected. The radial HFB equation for a given angular
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quantum numbers lj reads[
hqlj(r)− λq ∆q(r)
∆q(r) −hqlj(r) + λq
][
φqlj1 (r)
φqlj2 (r)
]
= E
[
φqlj1 (r)
φqlj2 (r)
]
, (1)
where φqlj1 , φ
qlj
2 is the quasiparticle wave function. Index q denotes neutron or proton.
We discretize the radial coordinate with an interval h = 0.2 fm as ri = i ∗ h− h/2 =
h/2, 3h/2, · · · (i = 1, · · · , N) up to the edge r = Rbox of the box, and use the nine-point
formula to represent the derivatives in the Hartree-Fock Hamiltonian hqlj(r). We impose the
Dirichlet-Neumann boundary condition [30], with which even-parity wave functions vanish
at the edge of the box and the first derivatives of odd-parity wave functions vanish at
the same position. Equation (1) is represented as a matrix eigenvalue problem where the
wave function at the discretized coordinates
(
φqlj1 (r1), · · ·φqlj1 (rN ), φqlj2 (r1), · · ·φqlj2 (rN )
)T
is
a 2N -dimensional vector. We use routine DSYEVX in the LAPACK package to solve the
eigenvalue problem for the symmetric matrix. If we treat the lattice configuration of the
nuclear clusters by means of the Wigner-Seitz approximation, the box radius Rbox is chosen
to be the size of the Wigner-Seitz cell. We shall also choose larger boxes Rbox = 100 fm
or 200 fm, as we explain below. All the quasiparticle states up to a maximal quasiparticle
energy Emax = 60 MeV are included to calculate the number density, the pair density and all
the quantities needed to calculate the selfconsistent potentials. We put also a cut-off lmax on
the angular momenta of the partial waves so that lmax >
√
Emax/(~2/2m)Rbox: lmax = 200~
for Rbox = 100 fm, and lmax = 400~ for Rbox = 200 fm, for example. We use the parameter
set SLy4 [19] for the selfconsistent Hartree-Fock potential in hq(r). We adopt the density-
dependent delta interaction, as described below, to derive the pair potential ∆q(r). We vary
the neutron Fermi energy λn to control the neutron density and we determine the proton
Fermi energy λp to fix the proton number Z of the nuclear cluster. The other details are the
same as in the previous study [15, 16].
2.2 Density-dependent pairing interaction
As the pairing interaction, we use a density-dependent delta-interaction (DDDI), given
as
vpair,n(~r1, ~r2) = Vn[ρn(~r), ρp(~r)]
(
1− Pσ
2
)
δ(~r1 − ~r2), ~r = ~r1(= ~r2), (2)
for neutrons. Here Vn[ρn(~r), ρp(~r)] is the density-dependent interaction strength, and (1−
Pσ)/2 is the projection operator for the spin singlet channel. The pair potential is then
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Table 1 DDDI parameters adopted in the present study. For the definition, see Eq. (5)
and the text. The parameters are appropriate for the cut-off energy ecut = 60 MeV.
V0 (MeVfm
3) ρ0 (fm
−3) η1 α1 η2 α2 η′1 α′1
DDDI-a1 -458.4 0.08 0.59 1/3 0.06 2/3 0 1/3
DDDI-a2 -458.4 0.08 0.59 1/3 0.255 2/3 -0.195 1/3
DDDI-b -458.4 0.08 0.845 0.59 - - - -
∆n(r) = Vn[ρn(r), ρp(r)]ρ˜n(r) with the neutron pair density (the neutron pair condensate)
ρ˜n(~r) = 〈ψn(~r ↑)ψn(~r ↓)〉. (3)
We consider the following three models for the interaction strength Vn[ρn(~r), ρp(~r)].
The first one, which we introduced in Refs. [20, 21], is given as
Vn[ρn(~r)] = V0
{
1− 0.845
(
ρn(r)
ρ0
)0.59}
(4)
with ρ0 = 0.08 fm
−3. Here the overall constant V0 = −458.4 MeV fm3 is determined to repro-
duce the 1S0 scattering length a=-18.5 fm in free space (i.e. at zero density) under the
single-particle cut-off energy ecut = 60 MeV. The dependence of the interaction strength
Vn[ρn] on the neutron density ρn is determined so that it reproduces the neutron pairing gap
in pure neutron matter which is obtained in the BCS approximation using a bare nuclear
force [20, 21]. We denote the parameterization, Eq. (4), as “DDDI-b” since it refers to the
BCS gap with the bare nuclear force. (It is the same as the parametrization DDDI-G3RS in
Ref. [20].)
In the present study we introduce more realistic modeling of the neutron pairing appropri-
ate to the inner crust matter. Here we consider parametrizations of the DDDI that provide
realistic pairing gap both in neutron matter and in finite nuclei. Concerning the neutron
matter, it is known that the pairing gap is affected by medium effects beyond the BCS
approximation, and many of theoretical studies trying to evaluate the medium effects predict
a significant reduction from the BCS gap while the predicted values spread in a wide range
[22–25]. Nevertheless, the pairing gap in the low-density limit is believed to be described
reliably by a perturbative approach to the screening effect, discussed first by Gor’kov and
Melik-Barkhudarov (GMB) [26], and the pairing gap ∆GMB in the GMB framework gives
a reduction of a factor of (4e)1/3 ' 2.2 from the BCS pairing gap[23, 31, 32]. Recently,
numerical ab initio calculations based on Monte-Carlo methods have been performed for
pure neutron matter in low density region ρn ' 10−5 − 10−2 fm−3, and the predicted pair-
ing gaps are reduced from the BCS gap by a factor of 1.5 - 2 [24, 28, 29, 33]. We can refer
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to these studies in requiring a new parametrization of the DDDI. It is also known that the
pairing gap in finite nuclei cannot be described well by the BCS approximation applied to
the bare nuclear force, and there is no ab initio evaluation of the gap in finite nuclei. Instead
we will refer to experimental information on the pairing gap in finite nuclei.
In order to satisfy these conditions we introduce the following extended form of the
density-dependent interaction strength:
Vn[ρn(~r), ρp(~r)] = V0
{
1− η1
(
ρn(r)
ρ0
)α1
− η2
(
ρn(r)
ρ0
)α2
− η′1
(
ρp(r)
ρ0
)α′1}
. (5)
The first term is introduced to describe the GMB gap appropriate to the low-density
limit of the pure neutron matter. As discussed in Appendix A, the force strength VGMB of
the contact force which reproduces the GMB pairing gap ∆GMB depends on the neutron
Fermi momentum kF,n or the density ρn of neutron matter. The dependence is expressed as
a linear term proportional to kF,n or ρ
1/3
n if it is expanded in powers of kF . Requiring that
the GMB pairing gap is reproduced by the DDDI in the low-density limit ρn → 0, kF,n → 0.
the parameters of the first term in Eq. (5) is fixed to α1 = 1/3 and η1 = 0.59.
The second and third terms are introduced to represent the pairing gap of neutron matter
at finite density and that in finite nuclei. In particular, the second term together with the first
term is relevant to the pairing gap in neutron matter, and we assume that the second term
has a power α2 = 2/3, i.e., ∝ ρ2/3n ∝ k2F,n the second power of neutron Fermi momentum
kF,n. We then require that the coefficient η2 of this term is consistent with the ab initio
pairing gap of neutron matter obtained for 10−5 fm−3 . ρn . 10−2 fm−3 in the quantum
Monte Carlo calculation by Gezerlis and Carlson [28] and the determinantal lattice Monte
Carlo calculation by Abe and Seki [29]. Note however that this requitement alone does not
fix uniquely the coefficient η2 since these ab initio calculations are slightly different with
each other and there is no ab initio results for moderately low densities 10−2 fm−3 . ρn .
10−1 fm−3.
The third term dependent on the proton density represents a part of medium effects asso-
ciated with systems with a proton fraction. For simplicity we assume that it is proportional
to the proton Fermi momentum kF,p or the proton density ρ
1/3
p .
1 We use both the coefficient
η′1 of this term and the uncertainty in η2 to describe the pairing gap in finite nuclei. In prac-
tice, we require that the average neutron pairing gap ∆n,uv =
∫
∆n(r)ρ(r)d~r/
∫
ρ(r)d~r in
120Sn obtained from our HFB model reproduces the experimental neutron gap ∆n,exp ' 1.3
MeV, extracted from the 3-point odd-even mass difference [34].
1 A perturbative estimate of the medium effect in symmetric matter gives an attractive induced interaction
proportional to N0,p ∝ kF,p [31].
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Fig. 1 The pair gap ∆ of superfluid neutron matter obtained in the uniform-BCS calcu-
lation using the three DDDI models, plotted as a function of neutron density. Solid, dashed
and dot-dashed curves represent results for DDDI-b, DDDI-a1 and DDDI-a2, respectively.
The ab initio Monte-Carlo results by Gezerlis and Carlson [28] and Abe and Seki [29] are
shown for comparison.
In the present study we prepare two different parameter sets to represent the remaining
uncertainty of the neutron pair gap. In one case (we call “DDDI-a1” below), we choose
η2 = 0.06 and η
′
1 = 0 so that the neutron pairing gap in
120Sn is reproduced without η′1. In
this case, the pairing gap of neutron matter is close to that of Abe and Seki [29], and the
neutron matter pairing gap at moderately low density is rather large ∆ ∼ 1− 2 MeV, as
shown in Fig. 1. It is remarked that the medium effect associated with the nuclear cluster or
finite nuclei is effectively included in η2. In another parameter set (“DDDI-a2”), we consider
a case that the neutron matter pairing gap at moderately low density is relatively small; we
determine η2 = 0.255 so as to make the neutron matter pairing gap vanish at ρn = ρ0 as the
BCS gap does. The parameter η′1 = −0.195 is then determined to reproduce the neutron gap
in 120Sn. (Note that the neutron matter pairing gap reproduces approximately the result of
Gezerlis and Carlson [28], as shown in Fig. 3.) The parameter sets of the three DDDI models
are summarized in Table 1.
Figure 1 shows the neutron pairing gap in uniform neutron matter obtained from the
Hartree-Fock plus BCS calculation using the DDDI models discussed above and the Skyrme
functional with the parameter set SLy4. (The BCS calculation is briefly recapitulated in
Appendix B, and we call it the uniform-BCS calculation in the following.) By construction,
the pairing gaps obtained with the DDDI-a1 and the DDDI-a2 reproduce reasonably well
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Fig. 2 The coherence length ξ of superfluid neutron matter obtained in the uniform-BCS
calculation. The dotted curve is the average inter-neutron distance d = ρ
−1/3
n . See also the
caption of Fig. 1.
the gap obtained with the ab initio calculations. The DDDI-a2 reproduces approximately
the result of Gezerlis and Carlson [28] for the density range ρn = 10
−5 − 10−2 fm−3. The
gap of the DDDI-a2 at moderate density is small ∆ < 1.3 MeV, and vanishes at ρn ∼ 0.08
fm (kF ∼ 1.4 fm−1) corresponding to neutrons in the saturated nuclear matter. The neutron
gap of the DDDI-a1 is very close to that of the DDDI-a2 up to ρn<∼ 10−3 fm−3, but deviate
from it above ρn>∼ 10−3 fm−3, It is rather close to the gap of Abe and Seki [29], and the
neutron matter pairing gap at moderately low density is rather large ∆ ∼ 1− 2 MeV. The
parameter set DDDI-b gives a larger pairing gap at low and moderately low densities than
DDDI-a1 and DDDI-a2, while at densities around the saturation the gap becomes small and
almost vanishing. 2 We consider that DDDI-a1 and DDDI-a2 are more realistic than DDDI-b
while the difference between DDDI-a1 and DDDI-a2 represents the uncertainty in modeling
the realistic pairing correlation. We also use the model DDDI-b since it simulates the BCS
gap, which is a robust baseline common to all the models of realistic bare nuclear force [22].
Figure 2 shows the coherence length ξ of superfluid uniform neutron matter, calculated as
described in Appendix B. The coherence length ξ depends strongly on the neutron density.
The coherence length ξ is as short as ξ <∼ 10 fm at ρn = 10−3 − 2× 10−2 fm−3. The coherence
length becomes long gradually as the neutron density decreases less than 10−3 fm−3, and
2 The auxiliary-field diffusion Monte Carlo method [33], another ab initio calculation, predicts the pairing
gap close to the BCS gap in the density range ρn . 10−2 fm−3. Thus it may be considered that the parameter
set DDDI-b represents partly this result.
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Fig. 3 The neutron pair gap in Sn isotopes obtained with the Skyrme-Hartree-Fock-
Bogoliubov method using the three DDDI pairing interaction models. Solid, dashed and
dot-dashed curves correspond to DDDI-b, DDDI-a1 and DDDI-a2, respectively. The Skyrme
parameter SLy4 is adopted. The open circle is the experimental neutron pair gap derived
using the odd-even mass difference [34] and AME2016 [39]. See text for details.
it also does rather sharply for increasing ρn more than ∼ 3× 10−2 fm−3. The minimum
value of the coherence length is ξ ∼ 3.6 fm for DDDI-b at neutron density corresponding
to λn ≈ 5 MeV, ξ ∼ 4.6 fm for DDDI-a1 at λn ≈ 6 MeV, and ξ ∼ 6.1 fm for DDDI-a2 at
λn ≈ 5 MeV. The dotted curve in Fig. 2 shows the average inter-neutron distance d = ρ−1/3n .
It is noted that the coherence length ξ is shorter than the average inter-neutron distance
d = ρ
−1/3
n at wide density interval ρn = 10
−5 − 10−2 fm−3 for DDDI-b, or comparable with
d at ρn = 10
−4 − 10−2 fm−3 for DDDI-a1 and DDDI-a2. The coherence length shorter than
d implies that the pair correlation at these densities is in the domain of the strong-coupling
pairing, characterized as the BCS-BEC crossover phenomenon [23].
Figure 3 shows the average neutron pairing gap ∆n,uv in Sn isotopes obtained in the
present HFB code. The average neutron pairing gap in 120Sn calculated with DDDI-b, DDDI-
a1 and DDDI-a2 is ∆n,uv = 0.48, 1.28 and 1.28 MeV, respectively. Note that the pair gap
of DDDI-a1 and DDDI-a2 reproduces the experimental gap reasonably well over the long
isotope chain while DDDI-b gives only a half of the experimental value.
9
 0.013
 0.014
 0.015
 0.016
 0  10  20  30  40  50
(a) λn=7.2 MeV (cell 2)
 0.005
 0.0055
 0.006
 0  10  20  30  40  50 p
ai
r d
en
st
iy
 (f
m
-3
)
(b) λn=2.9 MeV (cell 5)
 0.00015
 0.0002
 0.00025
 0  10  20  30  40  50
r (fm)
(c) λn=0.20 MeV
(cell 10)
 0.015
 0.016
 0.017
 0.018
 0.019
 0.02
 0  10  20  30  40  50
(d) λn=7.2 MeV (cell 2)
 0.0025
 0.003
 0.0035
 0  10  20  30  40  50
 d
en
st
iy
 (f
m
-3
)
(e) λn=2.9 MeV (cell 5)
0.00002
0.00003
0.00004
0.00005
 0  10  20  30  40  50
r (fm)
(f) λn=0.20 MeV (cell 10)
Fig. 4 Panels (a)(b) and (c): The pair density ρ˜n(r) of pure neutron matter obtained
with the HFB calculation with a spherical box for the neutron Fermi energy; (a) λn = 7.2
MeV, (b) 2.9 MeV and (c) 0.20 MeV, which corresponds to cells 2,5 and 10 in Table. 2.
The parameter set DDDI-a1 is used for the DDDI pairing interaction. The dashed curve
represents the result of the calculation where the box size is chosen the same as the Wigner-
Seitz radius Rbox = Rcell = 28 fm, 39 fm, and 54 fm of the respective cells (indicated by
the triangle symbol). The red dot-dashed curve is the result obtained with a large box size
Rbox = 100 fm for (a) and (b) and Rbox = 200 fm for (c). The horizontal line is the result of
the uniform-BCS calculation obtained with the same Fermi energy. The arrows in the right
vertical axis indicate the deviation of ±5% from the uniform-BCS result. Panels (d)(e) and
(f): the same as (a)(b) and (c), but for the number density ρn(r).
3 Finite-size effect and large-box configuration
Since the present HFB calculation is performed in the radial coordinate space truncated
with a finite box radius Rbox, obtained results depend on the box radius Rbox especially
when Rbox is not large. This kind of dependence is often called the finite-size effect. If we
adopt the Wigner-Seitz approximation, where the box size is chosen equal to the Wigner-
Seitz radius Rcell of the lattice cell of the inner crust, results also include the finite-size effect.
10
We shall examine how the Wigner-Seitz approximation is affected by the finite size effect.
For this purpose, we here describe pure neutron matter using the same HFB code. For pure
neutron matter, we can obtain an accurate numerical result by means of the uniform-BCS
calculation, which corresponds to the limit of infinite size Rbox →∞. Comparison with the
uniform-BCS result makes it possible to evaluate the finite size effect.
We have applied the present HFB model to the pure neutron systems by simply neglecting
the proton contributions. Figure 4 shows a few example of the results, in which the neutron
Fermi energy is chosen as λn = 7.2, 2.9 and 0.2 MeV corresponding to cells 2, 5 and 10 in
Table 2, and the neutron density 1.8× 10−2, 3.0× 10−3 and 3.0× 10−4 fm−3, respectively.
The pairing interaction DDDI-a1 is adopted.
Dashed curves are the results for the calculation in which the box radius Rbox is set to the
radius Rcell = 28, 39 and 54 fm of the corresponding Wigner-Seitz cells. It is seen that both
the number density and the pair density of neutrons deviate from the uniform-BCS results;
the finite size effect in the pair density is not negligible and much larger than that for the
number density. The deviation from the uniform-BCS result (horizontal lines) is more than
20% in cell 10 although it is less than about 5% in the other cells 2 and 5. The boundary
condition with the finite box causes discretization of the energy spectrum of the quasiparticle
states, and the pairing property is influenced by the discretization if the pair gap is not large
enough than the energy spacing. It is also seen that the deviation from the uniform-BCS is
worse at positions close to the origin than at far positions. A possible explanation is that
the influence of the discretization of the quasiparticle energy spectrum may be stronger at
small r than at larger r; the number of contributing quasiparticle states is effectively small
since the wave function of high-` partial waves is suppressed at small r.
The above results indicate that the Wigner-Seitz approximation to the inner crust matter
may not be accurate enough to discuss the proximity effect. One needs to control the finite
size effect in a better way. A desirable approach may be to take into account the lattice
structure of the inner crust matter using the band theory method and the Bloch waves,
where the continuity of the neutron quasiparticle spectrum is kept. However the band theory
applied to the HFB calculation is presently quite limited [2], and a calculation with a large
quasiparticle space is too demanding and difficult to be performed. Instead we adopt a
simpler approach where a nuclear cluster is placed in a neutron superfluid confined in a large
box, where the box size is chosen sufficiently large in order to reduce the finite-size effect as
much as possible.
We find that Rbox>∼ 100 fm gives the pair density convergent to the uniform-BCS with
accuracy of around 1% for densities ρn>∼ 1× 10−4 fm−3 as shown in Figure 2(a)(b), where we
plot the results obtained with Rbox = 100 fm. In very-low-density cases ρn<∼ 1× 10−5 fm−3,
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Fig. 5 Result of the HFB calculation for the configuration with the proton number Z = 28,
the neutron Fermi energy λn = 4 MeV, and the box size Rbox = 100 fm. The parameter set
DDDI-b is used. Panel (a) shows the number densities ρn(r) and ρp(r) of neutrons and
protons, respectively. Panel (b) shows the neutron pair density ρ˜n(r). The horizontal lines
are the uniform-BCS results with the same λn. The triangle and circle symbols indicate the
half-density surface Rs and the edge radius Redge of the cluster whereas the square symbol
points to Redge + ξ. See the text for the definitions of these quantities.
the pairing gap becomes very small ∆<∼ 0.01 MeV. In this case, influence of the discretization
in quasiparticle levels is less negligible, and hence a larger box is required. For cell 10 (Fig.
2(c)), we obtained the agreement to the required accuracy with Rbox = 200 fm.
In the following we adopt this large-box configuration to discuss the proximity effect
associated with the presence of the nuclear cluster.
4 Proximity effect
We shall now discuss the pair correlation in the inner crust matter. As discussed above we
consider the system confined in a large box, at the center of which a nuclear cluster is placed.
Using this setup, we shall investigate how the presence of the nuclear cluster influences the
pair correlation of neutron superfluid in the neighborhood region around the cluster.
4.1 length of the proximity effect
In order to investigate general features of the proximity effect, we shall first examine
cases where the density of the surrounding neutron superfluid is systematically varied while
the proton number is fixed. In the next subsection we discuss realistic configurations of the
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inner crust matter, for which the proton number and the density of neutron superfluid are
chosen to represent various layers of the inner crust.
The proton number is Z = 28 in all the examples in this subsection and we vary the
neutron Fermi energy λn systematically from 0.2 MeV to 6 MeV, which corresponds to the
density of the uniform neutron superfluid from ρn = 4× 10−5 fm−3 to 1× 10−2 fm−3.
A typical result obtained for λn = 4 MeV (ρn = 6.1× 10−3 fm−3) with DDDI-b is shown
in Fig. 5, where plotted are the number densities of neutrons and protons, ρn(r) and ρp(r),
and the neutron pair density ρ˜n(r) as a function of the radial coordinate r. It is seen that
the nuclear cluster is well localized in a central region as seen in the profile of the neutron
density ρn(r) which converges rather quickly to a constant value at around r ≈ 8 fm (the
proton density ρp(r) converges to zero around r ≈ 6 fm. ). The surface of the nuclear cluster
may be quantified by fitting to the neutron density with a function of the Woods-Saxon
type,
fws(r) = ρn,M +
f0
1 + exp
(
r−Rs
a
) , (6)
where Rs defines the half-density surface, and a represents the diffuseness of the surface.
The constant ρn,M is the neutron density obtained from the uniform-BCS performed for the
same value of λn. The values of f0, Rs and a are extracted from a fitting. In addition we
find it useful to consider “the edge” of the nuclear cluster to evaluate the area where the
cluster exists. We define the nuclear edge by Redge = Rs + 4a. The edge position r = Redge
is indicated by the black circle in Fig. 5, and it is seen that Redge represents well the position
where the neutron density ρn(r) converges to ρn,M.
A most noticeable feature in Fig. 5 is that the neutron pair density ρ˜n(r) exhibits
behaviours different from those of the neutron number density ρn(r). It is seen that the
neutron pair density ρ˜n(r) slowly converges and reaches the uniform-BCS value at around
r ≈ 12 fm, deviating from Redge by about 4 fm. In other words the influence of the nuclear
cluster extends to the neighbour region beyond Redge. This slow convergence is nothing
but the proximity effect. In this example the neutron pair density inside the cluster is
significantly smaller than that outside the cluster. This reflects the characteristic density
dependence of the neutron pair gap of the DDDI-b model; the gap for the density inside
the cluster (ρn ∼ ρ0) is very small ∆<∼ 0.1 MeV whereas that for the density of neutron
superfluid (ρn,M ∼ 6.1× 10−3 fm) is relatively large ∆ ∼ 2.1 MeV.
It has been argued that the proximity effect emerges in a region adjacent to the
border with its length scale characterized by the coherence length ξ of the super-
fluid/superconducting matter [17]. We here assume that the border between the neutron
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superfluid and the nuclear cluster is approximated by the edge radius Redge, rather than
the half-density surface Rs. If these considerations are reasonable, it is expected that the
proximity effect is seen up to r ≈ Redge + ξ. In the case shown in Fig. 5, the position
where the neutron pair density converges to the uniform-BCS value corresponds well to
r = Redge + ξ = 8.27 fm+3.63 fm = 11.9 fm, and the above argument appears to hold.
Figure 6 show systematic behaviours of the neutron pair densities calculated for various
neutron Fermi energies and for three different pairing interactions: the DDDI-b (panel (a) in
each figure), the DDDI-a1 (b), and the DDDI-a2 (c). Figure 6(a)(b)(c) shows the results for
the neutron Fermi energy λn = 2− 6 MeV corresponding the neutron density ρn ∼ 10−3 −
10−2 fm−3 (see Fig. 1), and Fig. 6(d)(e)(f) for λn = 0.2− 1 MeV (ρn ∼ 10−4 − 10−3 fm−3).
The proximity effect is clearly visible in all the cases; the pair density converges to
that of the uniform neutron superfluid at a position deviating significantly from the edge
position r = Redge of the nuclear cluster. It is also seen that the range of the proximity
effect depends rather strongly on the neutron Fermi energy or the density of the neutron
superfluid, especially at low neutron density ρn,M<∼ 5× 10−4 fm−3 and λn<∼ 1.0 MeV. It
also depends on the three DDDI models. Despite the differences in the pairing properties,
we confirm here that the range where the proximity effect reaches is described well by the
position r = Redge + ξ (marked with the square symbol), characterized by the coherence
length ξ measured from the edge Redge of the nuclear cluster. (Note that the edge position
Redge of the nuclear cluster depends only weakly on the neutron Fermi energy, and there is
essentially no dependence on the three choices of the pairing interaction. )
We here recall Fig. 2 where the coherence length is shown to become as small as <∼ 10 fm
at moderately low density ρn = 7× 10−4 − 2× 10−2 fm−3 for the three DDDI’s. This brings
about the short range of the proximity effect seen for λn = 2− 6 MeV. This is related to
the specific feature of the dilute neutron superfluid that the BCS-BEC crossover is about to
occur at these densities.
A long range of the proximity effect seen for λn = 0.2− 1.0 MeV can be related to
the monotonic and considerable increase of the coherence length ξ with decreasing neutron
density for very low density ρn<∼ 10−3 fm−3. Note that for ρn ∼ 10−5 − 10−4 fm−3, the
coherence length ξ = 5− 20 fm in the case of DDDI-b, ξ = 10− 36 fm for DDDI-a1 and
ξ = 11− 37 fm for DDDI-a2. If the density of the external neutron superfluid decreases
further, the range of the proximity effect is expected to exceed far beyond 50 fm.
4.2 Realistic inner crust configurations
Finally, we discuss the proximity effect for realistic situations of the inner crust of neutron
stars. Here we refer to the Wigner-Seitz cells obtained in Negele and Vauthrin [30] for various
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Fig. 6 Calculated neutron pair density ρ˜n(r) for the neutron Fermi energy λn = 0.1− 1.0
MeV and 2-6 MeV with the three DDDI parameter sets. Panels (a)(d), (b)(e) and (c)(f) are
for DDDI-b, DDDI-a1 and DDDI-a2, respectively. The horizontal line is the results of the
uniform-BCS calculation. For the symbols, see the caption of Fig. 5.
layers of the inner crust. We perform the HFB calculation for the cells listed in Table 2 using
the large-box configuration. The proton number Z and the Wigner-Seitz radius Rcell of each
cell is taken from Ref. [30]. The neutron Fermi energy λn, the control parameter of the
neutron density, is chosen so that the obtained density of the external neutron superfluid
reproduces approximately the density of the neutron gas in Ref. [30]. For simplicity we use a
common value of λn for the three DDDI models. The box size is Rbox = 100 fm for most cells
and 200 fm only for cell 1 with DDDI-b2, cell 10 with DDDI-a1 and cell 10 with DDDI-a2.
The calculated neutron pair density is shown in Fig. 8. The maximum of the plotted
radial coordinate is the Wigner-Seitz radius Rcell for each cell. A noticeable feature is that in
cells 3 to 8 the pair density converges to that of the uniform-BCS at a distance shorter than
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Table 2 The proton number Z and the neutron Fermi energy λn employed in the present
calculation to represent realistic configurations of the inner crust cells [30]. The next columns
are the density ρn,M, the pairing gap ∆ and the coherence length ξ, obtained from the
uniform-BCS calculation for the corresponding neutron matter. Results of the three DDDI
models, DDDI-b, DDDI-a1, and DDDI-a2, are listed for ∆ and ξ while ρn,M is shown only for
DDDI-a1. The third last column is the edge radius Redge of the nuclear cluster extracted from
the Hartree-Fock-Bogoliubov calculation with DDDI-a1. The second last is the Wigner-Seitz
radius Rcell of the cells[30] while the last is the average baryon density ρb =
∫ Rcell
0 (ρn(r) +
ρp(r))r
2dr/(R3cell/3) (with DDDI-a1) evaluated using the same Wigner-Seitz radius. See text
for details.
Cell Z λn ρ
a1
n,M ∆
b ∆a1 ∆a2 ξb ξa1 ξa2 Ra1edge Rcell ρ
a1
b
(MeV) (fm−3) (MeV) (MeV) (MeV) (fm) (fm) (fm) (fm) (fm) (fm−3)
1 Zr 11.00 4.44× 10−2 0.83 1.66 0.36 14.09 7.17 31.80 12.90 20 5.02× 10−2
2 Sn 7.20 1.80× 10−2 2.40 2.03 1.26 4.06 4.71 7.33 11.01 28 2.04× 10−2
3 Sn 4.80 7.81× 10−3 2.31 1.60 1.25 3.56 4.84 6.06 10.12 33 9.19× 10−3
4 Sn 3.70 4.75× 10−3 1.98 1.28 1.06 3.69 5.30 6.24 9.72 36 5.69× 10−3
5 Sn 2.90 3.04× 10−3 1.64 1.01 0.88 3.96 5.90 6.71 9.40 39 3.75× 10−3
6 Zr 1.70 1.19× 10−3 1.01 0.58 0.53 4.91 7.82 8.48 9.00 42 1.63× 10−3
7 Zr 1.00 4.90× 10−4 0.59 0.32 0.30 6.42 10.77 11.38 8.78 44 8.59× 10−4
8 Zr 0.70 2.73× 10−4 0.40 0.21 0.20 7.88 13.62 14.23 8.79 46 5.96× 10−4
9 Zr 0.37 9.74× 10−5 0.18 0.09 0.09 11.90 21.63 22.30 8.62 49 3.62× 10−4
10 Zr 0.20 3.65× 10−5 0.08 0.04 0.04 19.01 36.09 36.87 8.46 54 2.30× 10−4
the half distance of the Wigner-Seitz radius. In other words the proximity effect is restricted
only in a small area nearby the nuclear cluster. The area of uniform neutron superfluid
and that of the nuclear cluster are well separated in these middle layers of the inner crust.
This feature is common to the three DDDI pairing models. It is noted that the coherence
length of external neutron superfluid is the smallest ξ ≈ 4− 6 fm at cells 2-6 (for DDDI-b),
cells 2-5 (for DDDI-a1), and cell 3 (for DDDI-a2), which are significantly smaller than the
Wigner-Seitz radius of these cells at the middle layers.
In cells 9 and 10, where the external neutron superfluid is dilute (ρn,M<∼ 1× 10−4 fm−3),
the proximity effect extends to a major area of the Wigner-Seitz cell, beyond the half length
of the Wigner-Seitz radius, especially for DDDI-a1 and DDDI-a2. This reflects the long
coherence length at such very low densities: ξ >∼ 20− 40 fm for DDDI-a1 and DDDI-a2, and
ξ >∼ 12− 20 fm for DDDI-b. Note that the pairing gap of DDDI-a1 and DDDI-a2 in dilute
neutron matter is reduced from the BCS value (corresponding to DDDI-b) by a factor of
about 2, leading to a longer coherence length in these realistic gap models DDDI-a1 and
DDDI-a2.
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Fig. 7 The coherence length ξ of uniform neutron superfluid corresponding to cells 1 to
10 listed in Table 2. Results of the three gap models, DDDI-b, DDDI-a1 and DDDI-a2, are
shown. The horizontal axis is the baryon density ρb of the cells. The Wigner-Seitz radius
Rcell of the cells, taken from Ref. [30], is also plotted for comparison.
Another case where a long-range proximity effect is predicted is cell 1 at relatively high
density, where the external neutron density ρn,M ∼ 0.04 fm−3 ≈ ρ0/2 is about a half of that
of the saturated nuclear matter. The pair density deviates from that of the uniform neutron
superfluid in the whole area of the Wigner-Seitz cell. In this cell with relatively high neutron
density the predicted coherence length ξ varies from 7 to 30 fm depending rather strongly on
the pairing models, reflecting the uncertainty of the gap at such density. However, because
of the relatively high baryon density and a large N/Z ratio, the Wigner-Seitz radius Rcell
becomes small (∼ 20 fm) and the edge position r = Redge of the nuclear cluster becomes as
large as ∼ 13 fm due to a thick neutron skin of the cluster. Consequently the range Redge + ξ
of the proximity effect exceeds the Wigner-Seitz radius irrespective of the uncertainty of the
pairing gap. Note that cell 1 corresponds to a deep layer of the inner crust, where a transition
to the so called pasta phase is about to occur. The present result suggests strong proximity
effect also for the pasta phase at higher baryon density. We remark also that the proximity
effect in these deep layers might be even stronger than the present prediction because of
the presence of adjacent nuclear clusters in the lattice configuration, but a quantitative
evaluation is beyond the scope of the present study.
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Fig. 8 Calculated neutron pair densities in various cells in the inner crust of neutron
stars, listed in Table 2, obtained with three DDDI models, DDDI-b (dotted curve), DDDI-a1
(dot-dashed), and DDDI-a2 (dashed). The horizontal line is the results of the uniform-BCS
calculation. For the symbols, see the caption of Fig. 5.
5 Conclusion
We have studied in detail the proximity effect of neutron pair correlation in the inner
crust of neutron stars by applying the Skyrme-Hartree-Fock-Bogoliubov theory formulated
in the coordinate representation. We describe a many-nucleon system consisting of Z protons
(which form a nuclear cluster) and neutrons with a given positive Fermi energy, confined in
a spherical box. If we choose the box radius Rbox equal to the Wigner-Seitz radius of the
lattice cell, the calculation corresponds to the Wigner-Seitz approximation often adopted in
preceding studies. We found however that for the realistic Wigner-Seitz radiusRcell ∼ 20− 50
fm of the inner crust matter, influence of the box truncation or the finite-size effect is not
negligible for quantitative analysis of the proximity effect. We therefore use a large-box
configuration where the box size is chosen sufficiently large Rbox ≥ 100 fm. In other words,
we considered a simplified model of the inner crust matter in which a single nuclear cluster
is immersed in a uniform neutron superfluid, prepared in a sufficiently large box. As the
18
effective interaction causing the pairing correlation, we introduced new parameterizations of
the density-dependent delta interaction (DDDI-a1 and DDDI-a2) so that they reproduce the
ab initio evaluations of the pair gap in low-density neutron matter as well as the experimental
pair gap in finite nuclei.
Focusing on the neutron pair density ρ˜n(r) (i.e. a locally defined pair condensate), we have
examined how ρ˜n(r) is affected by the presence of the nuclear cluster and how this quantity
around the cluster converges to the limiting value of the immersing neutron superfluid. It
is found from a systematic analysis that range of the proximity effect is characterized by
the coherence length of neutron superfluid measured from the edge position of the cluster.
An important feature is that the coherence length ξ depends strongly on the density ρn of
neutron superfluid. The coherence length is as short as ξ ∼ 5− 8 fm for density 1× 10−3
fm−3<∼ ρn<∼ 2× 10−2 fm−3 while it increases gradually at lower density ρn<∼ 1× 10−3 fm−3
and rather quickly at higher density ρn>∼ 3× 10−2 fm−3.
Applying the above result to the realistic configurations of the inner crust, we predict
that the proximity effect is well limited in the vicinity of the nuclear cluster, i.e. in a suffi-
ciently smaller area than the Wigner-Seitz cell in the middle layers of the inner crust with
baryon density 5× 10−4 fm−3<∼ ρb<∼ 2× 10−2 fm−3. On the contrary, the proximity effect
is predicted to extend to the whole volume of the Wigner-Seitz cell in the shallow layers
of the inner crust with ρb<∼ 2× 10−4 fm−3. Another region where the range of the proxim-
ity effect is expected to cover the whole Wigner-Seitz cell is deep layers of the inner crust
with ρb>∼ 5× 10−2 fm−3, where the Wigner-Seitz radius becomes small Rcell<∼ 20 fm while
the coherence length may becomes comparable or larger than Rcell. This observation indi-
cates that in these layers there is no clear separation between the nuclear cluster and the
immersing neutron superfluid as far as the pairing correlation is concerned. It implies that
the phenomena originating from the pair correlation and superfluidity, such as the vortex
pinning and the superfluid phonon excitations may also be affected by the proximity effect.
It is noted also that theoretical approaches taking into account the lattice configuration is
preferred for such cases. It is a subject to be pursued in future study.
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Appendix A: Effective contact interaction for the GMB gap
Here we discuss the parameter set of DDDI which reproduces the pairing gap of Gor’kov
Melik-Barkuhudarov (GMB) in the dilute limit of neutron matter. This is introduced by
combining the known arguments on the GMB pairing gap [31, 32] and on the effective
strength of the contact interaction [35, 36].
Let us first outline the relation between the strength of the contact interaction and the
pairing gap in the BCS approximation. For the pairing interaction of the contact two-body
force v(~r1 − ~r2) = V0δ(~r1 − ~r2) , the gap equation in the weak-coupling BCS approximation
reads
1
V0
= −1
2
∑
~k
1√
(ek − λ)2 + ∆2
(7)
where ek =
~2k2
2m , λ = eF =
~2k2F
2m , and ∆ is the single-particle energy, the Fermi energy (with
the Fermi momentum kF ) and the pairing gap, respectively. To avoid the divergence inherent
to the contact interaction, the sum
∑
~k
≡ 1
(2pi)3
∫ kcut
0 4pik
2dk is performed with a cut-off
momentum kc or a cut-off single-particle energy ecut = ~2k2cut/2m. The force strength v0
can be chosen so that the same interaction reproduces the zero-energy T-matrix T0 =
4pi~2a
m ,
and the scattering length a of the nucleon scattering in the 1S0 channel. This requirement
is expressed in terms of the Lippmann-Schwinger equation for the T-matrix, which can be
written as
1
V0
=
1
T0
+
1
2
∑
~k
1
ek
, (8)
which determines the force strength V0 as [35, 36]
V0 = −2pi
2~2
m
1
kcut − pi2a
. (9)
The gap equation (7) combined with the T-matrix equation (8) is written as
1
T0
= −1
2
∑
~k
(
1√
(ek − eF )2 + ∆2
− 1
ek
)
. (10)
The gap equation (10) is known to be solved analytically in the low-density limit kF → 0
satisfying kF |a|  1 and kF  kc [37, 38]. The right hand side of Eq. (10) is evaluated as
' N0 log
(
e2∆
8eF
)
, where N0 =
mkF
2pi2~2 is the single-particle level density at the Fermi energy.
The paring gap in this limit is then given [23, 32, 37, 38] as
∆BCS =
8eF
e2
exp
(
1
T0N0
)
=
8eF
e2
exp
(
pi
2kFa
)
. (11)
Note that the T-matrix T0 plays a role of a renormalized interaction strength of the contact
force.
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It is known that the medium effect in the low-density limit can be evaluated per-
turbatively as originally discussed by Gor’kov and Melik-Barkhudarov [26]. The effect is
represented as an induced interaction [31, 32] Uind = N0T
2
0 (1 + 2 log 2)/3 which modifies the
interaction strength T0 → T0 + Uind, where the numerical factor (1 + 2 log 2)/3 arises from
an average of the Lindhard function. Similarly the left hand side of the gap equation (10) is
modified as
1
T0
→ 1
T0 + Uind
' 1
T0
− 1 + 2 log 2
3
N0, (12)
and hence the GMB pairing gap ∆GMB valid in the low-density limit is given as
∆GMB =
8eF
e2
exp
(
1
T0N0
− 1 + 2 log 2
3
)
=
1
(4e)1/3
∆BCS (13)
with a reduction of a factor of ' 1/2.2 from the BCS gap.
Now, by combining the argument on the contact force, Eq. (8), and on the induced
interaction modifying the l.h.s of the gap equation, Eq. (12), we find that an effective strength
VGMB of the contact force which reproduces the GMB pairing gap is given by
1
VGMB
=
1
T0
− 1 + 2 log 2
3
N0 +
1
2
∑
~k
1
ek
, (14)
which determines VGMB as
VGMB = V0
{
1− 1 + 2 log 2
3
kF
kcut − pi2a
+ O
(
k2F
)}
. (15)
We note that the force strength VGMB depends on the Fermi momentum kF . Expanded in
powers of kF , relevant to the low-density limit kF → 0 is the linear term in kF . It can be
expressed also in terms of the density ρ = k3F /3pi
2 as
VGMB = V0
{
1− η
(
ρ
ρ0
)1/3
+ O
((
ρ
ρ0
)2/3)}
(16)
with
η =
1 + 2 log 2
3
kF0
kcut − pi2a
, kF0 = (3pi
2ρ0)
1/3. (17)
Appendix B: BCS calculation for uniform neutron matter
Here we describe the selfconsistent Hartree-Fock plus BCS approximation which is
adopted to describe the pairing property of uniform neutron matter.
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For a given value of the neutron Fermi energy λn, we numerically solve the coupled
equations
∆(λn) = −Vn[ρn]
4pi2
∫ k′c
0
dkk2
∆(λn)
E(k)
, (18)
E(k) =
√
(e(k)− λn)2 + ∆2, e(k) = ~
2k2
2m∗n(ρn)
+ Un(ρn), (19)
ρn(λn) =
1
2pi2
∫ k′c
0
dkk2
{
1 +
e(k)− λn
E(k)
}
, (20)
where Un(ρn) and m
∗
n(ρn) are the Hartree-Fock potential and the effective mass of neutrons,
obtained from the SLy4 functional.3 The cut-off momentum k′c is determined by e(k′c)− λ =
Ecut so that it corresponds to the cut-off energy in the coordinate-space HFB calculation.
The above scheme is called the uniform-BCS calculation in this paper.
The coherence length ξ can be calculated by evaluating the size of the Cooper pair and
is given
ξ =
√
〈r2〉 (21)
〈
r2
〉
=
∫
d~rr2 |Ψpair(r)|2 =
∫∞
0 dkk
2( ∂∂kukvk)
2∫∞
0 dkk
2(ukvk)2
. (22)
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